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SUMMARY

Values of
throughout the

the nondimensional normal component of induced velocity
flow field of a uniformly loaded lifting rotor operating

in the upper half of the helicopter speed range are presented in the
form of graphs and tables. The tabulated data are for rectangular grids
of points located in azimuth planes situated at 30° increments of azimuth
angle. The grids extend a distance of 4 rotor radii in both the vertical
and radial directions. Values at points in the rotor plane were computed
by means of the Biot-Savart relation using the assumption that the wake
vortex distribution consisted of a uniform, semi-infinite elllptic cylin-
der. Values at points not in the rotor plane were obtained experimen-
tally by ~asurements of the field strength about an electromagnetic-
analogy model of the wake vortex system.

Comparisons of computed and experimental analog values for the nor-
?halcomponent of induced veloci~ both in the plane of the rotor and in
the lateral plane perpendicular to the rotor plane are presented. The
agreement between the computed and experimental analog values indicates
that the latter are sufficiently accurate for engineering purposes.

The results should be useful for estimating the induced velocity
distribution about
distributions over
uniform loading.

13fting rotors in general and for synthesizing th~
the rotor disk for the case of any specified non-

INTRODUCTION

In order to determine the performance and air load distribution of
a lifting rotor, it ‘isnecessary to know the induced flow field in the
vicinity of the rotor, the component of velocity normal to the plane of
the rotor being of particular interest.
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To make rotor-flow-field computations mathematically tractable, it
is usual to approximate the actual wake vortex system by one having regu-
lar geometric properties. In general, however, for even the simplest of
wake geometries the calculations are tedious and prohibitively lengthy
unless high-speed computing facilities are available. Alternatively,
there is an approach to the problem inking use of the perfect analogy
between the induced flow field associated with a vortex filament in a
perfect fluid and the magnetic field in space associated with a current-
carrying wire. Thus it is possible to construct an electromagnetic anal-
ogy in the form of a wire model of a given vortex configuration. Point
measurements of magnetic-field strength in the associated magnetic field
then afford a description of the analogous induced velocity in the fluid
velocity field, as shown in reference 1.

The principal objective of the present paper is to present in the
form of tables and graphs the experimental values for the nondimensional
normal component of induced velocity which were obtained by means of an
electromagnetic-analogymodel of the wake from a rotor operating in the
upper half of the flight sped range. The method employed was in many
respects similar to the procedures described in references 1 and 2. Sur-
veys were made of the normal component of -inducedvelocity in several
azimuth planes perpendicular to the plane of the rotor beginning with
the longitudinal plane of symmetry and preceding in 30° increments of
azimuth angle. Another objective is to supplement and extend the results
of references 3 and 4 by presenting additional cmputed values of the.
normal component of induced velocity in the rotor plane which were
obtained by means of a digital computer. This program was csrried out
along with the magnetic-analogy measurements and afforded reliable check
points for comparison of results. The computed data furnished values
for the induced velocity at space points located such that physical inter-
ference between the pickup coil and wake model prevented field measure-
ments and also at points near the model coils where the gradient of the
local magnetic field was large.

The analysis presented herein concerns the flow field associated
with a uniformly loaded lifting rotor and uses the assumption that the
wake vortex system has the form of a uniform, semi-infinite elliptic
cylinder composed of a very large number of circular vortex ring ele-
ments arranged in such a way that the circulation per unit length of
the vortex sheet is constant. This assum@ion implies that the induced
flow associated with the vortex system is a potential flow and, as such,
has a perfect magnetic analow as pointedoutby equations (2) and (3)
of reference 1.

This investigation was conducted at the Georgia Institute of
Technology under the sponsorship and with the financial assistance of
the Nationsl Advisory Committee for Aeronautics.
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r. = Ro/R

v-

v~

v

X,Y,Z

XO,YO,ZO

Zo = Zo/R

a

av

e

coefficient of cosine term
flapping angle

output meter reading, db

tangent of wake angle X

in Fourier series for blade

SJIYpoint p(~,Yo,Zo) in rotor flow field

rotor radius

radius of point P from Z- or rotor axis

cylindrical coordinates of a point on the curve of inter-
section of plane * = Constant with wake vortex cylinder

velocity of helicopter along flight path

normal component

norml component

coordinates of a

of induced velocity at P

of induced velocity at center of rotor plane

wake vortex sheet element as meas”med rela-
tive to the tip path

coordinates of point P

plane axes

in rotor flow field

angle of attack of plane of zero feathering

angle of attack of rotor plane

azimuth angle of
negative X- or

& . [V sinav - v)/OR

Pv = v Cos a#R

wake vortex sheet element measured from
upwind direction
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.

x wake angle measured between negative Z- or rotor axis and
wake axis

* azimuth angle of
wind direction

Q angular velocity

Subscripts:

c refers to cuxve
$= Constsmt

point P measured

of rotor blades

-.
●

from postiive X- or down-

>f intersection formed by plane
{ith wake vortex cylinder

N refers to

P refers to

search-coil normalizing point

point P

THEORETICALANALYS IS

Under the assumption that the wake vortex distribution takes the
form of a uniform, semi-infinite elliptic cylinder, it was shown in ref-
erence 4 that the ratio of the normal component of induced velocity at
any point P to that at the center of the rotor is given by

where the wake geometry is given in figure 1, and

A= 1 + r. cos($ - El)

B= m Cos elm

c = l+ro2+zo2+

‘=( 20 + IuroCos *

in which

r. = Rofi

2ro COS(* - f3)

+ m cos e)/~ZFF

#

.
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R. radius of point P(XO,YO,ZO) from Z-sxis

R rotor radius

‘o = Z~R

$ azimuth angle of P from positive X- or downwind axis

e azimuth angle from negative X- or upwind direction to ele-
ment of wake vortex sheet having length ds

x wake angle between negative Z-axis and wake axis

M = tsxlx

The wake angle X is connected with the resultant velocity components
at the center of the rotor by the relation

x = tsn-l(-llv/Av)

which

=V cosq/m

(. Vsin~- V)/m

velocity of helicopter along flight path

angle of attack of rotor plane where ~ . u - al

angular velocity of rotor blades

(2)

In the present paper it was desired to compute the nondimensional
normal component of induced velocity in the rotor plane at points P(ro,~)

for a wake geometry simulating the wake from a rotor operating in the
upper half of the helicopter speed range. Since a wake angle

x= tan-l 10 (&.29.0) closely approximates the actual wake angle for
a helicopter operating in the higher speed range, the values Z. = O

andm. 10 were substituted into equation (1) which then becsme

(T)vi

J1 ~E de

=— (3)
ro,lO,O,* M 0
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where H represents the integrand of equation (1) after the substitu-
tions were made in the qp.antitiesA, B, C, and D above.

Numerical approximations to the integral of eqyation (3) were
obtained for coribinationsof values of r. and V by means of a digital
computer programmed to use Simpson’s rule with 120 equally spaced incre-
ments in f3. Except for a few points close to the wake boundary, this
procedure yielded.results correct to within *1 in.the third decimal place
as verified by check points previously computed

EXPERIMENTAL PROCEDURE

by other methods.

The electrical systems employed in references 1 and 2 were broadly
similar in that both Included four basic components:

1. The primary coil (wire model of vortex system)
2. The secondary coil (search coil)
3. The electronic voltmeter
4. The power sup@y

,
The methods consisted essentially of measuri~ the voltage induced in the
search coil by the magnetic field of the primry-coil current and con-
verting the result into equivalent velocity.

In light of information gained from the reports
certain fixed considerations emerge which affect the
method and must be taken into account when designing
analogy system. These include:

1. Extraneous magnetic fields

*
mentioned above,
accuracy of the
an electromagneti,c- G

2. Impure wave forms in the primary-coil circuit
3. Induced effects in the primary-coil and search-coil leads

--

4. Search-coil dimensions and calibration
5. Rrhary-coil field distortion

An attempt was-made in the present work to minimize inaccuracies arising
from the above sources. The following sections describe each of the
basic components of the magnetic-analogy system used in this investigation.

Primary field coil (wake model).- The difficulties involved in
attempting to construct a solid nonmagnetic cylinder in the shape of an ‘
elliptic cylinder upon which to wind the primary coil made it e~edient
to build up the wake model from a series of “lumped” coils wound on sepa-
rate Plexiglas rings. The rings were mounted upon a heavy fiber base
plate by means of individual Plexiglas bases so arranged that the llne

●

.
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of centers made
To minimize the

7

an angle of 8b.29° (tan-l 10) with the rotor plane axis.
field distortion due to lumped coils in the vicinity of

the rotor plane, the assembly was divided into two principal sections.
The first section (corresponding to the upper portion of the wake) con-
sisted of 27 rings each bearing 1 turn of No. 17, Brown and Sharpe gage,
copper wire. The second section was comprised of 18 rings each bearing
9 turns of wire and a final ring bearing two layers of 9 turns each.
The coils were connected in series in such a numner that the input and
return wires for each coil were juxtaposed and could be twisted. This
arrangement, which for the multiturn coils involved a double winding,
was necessary in order to minimize the external magnetic field induced
by the current in the individual coil leads. The leads connecting the
wake model to the power supply issued from the final coil at the end of
the wake model and were also twisted. The wake coils had a mean diameter
of 12 inches between wire centers and were so spaced that the average
number of turns per unit wake length was the same in each section. It
should be noted that the position of the rotor plane does not coincide
with the plane of the end coil but is located approximately half a coil
turn spacing farther up the wake axis. The relative positioning of the
coils conformed roughly to the actual spacing of the rotor blade tip
vortices in the wake of a three-bladed helicopter rotor operating at
Pv = 0.3. The overall length of the asseniblywas 12 feet. Under oper-

ating conditions the “equivalent vortex” strengkh of the field coil was
about 4 ampere turns per inch of wake length. The entire coil system
was mounted on a wooden table of such height and position that the wake
model was centered in.its containing room. Figure 2 is a photograph of
the mdel assembly.

Search COil.- The nonlinearity of the primary-coil field and the
fact that point measurements were desired made it necesssry that the
search-coil dimensions be small compared with those of the wake model.
A mean diameter for the search coil amounting to about 3 percent of that
for the field coils was adopted for the work of this report, since a
coil of such size could be built with little difficulty ad would yield
induced voltage measurements sufficiently accurate for engineering pur-
poses. -The search coil used had a diameter of about 0.3’5inch to the
centers of the wire bundle which had a cross section in the form of a
sqyare approximately 0.09 inch on a side. The coil consisted of
1,000 turns of No. 40, Brown and Sharpe gage, copper wire wound on a
Plexiglas form. The coil form was mounted on a Plexiglas support. A
solid dielectric coaxial cable was used to connect the search coil to
the amplifier in order to minimize the current induced in this section
of the pickup.circuit. The entire search-coil asseniblytogether with
its coaxial connector is shown in figure 2. The base of the search-coil
support and also the top .ofthe field-coil supporting table were scribed
with straight lines spaced at increments of convenient fractions of the
rotor radius in order to facilitate positioning of the search coil. For
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surveys in the various azimuth planes, wooden ramps having the shape of
30° or 60° triangles were used to position the search-coil assenibly.
Scribed lines were also included on the faces of these supports. The
search-coil asseniblyis shown typically positioned relative to the wake
model in figure 2. Figure 3 shows the search coil in detail.

.

●✎

The necessity for obtaining a separate calibration of the search-
coil circuit was eliminated in the work of this report by normalizing
the field-strength measurements to those obtained at several convenient
space locations in the primary-coil field for which the values of the
induced velocity are given in reference 4.

Amplifier and output meter.- In addition to the search coil, the
pickup circuit used for the work of this report included a commercial
standing wave indicator having a maximum sensitivity of 0.1 microvolt
for @l-scale meter deflection. The assetily consisted of an indi-
cating meter, a high-gain 400-cycle fixed-frequency amplifier with a
calibrated gain control covering a range of 60 decibels, and a narrow
400-cycle band-pass-filter network having-a sharp cutoff at 400 ~ 5 cycles
per second. The integral electronically regulated internal power supply
operated on 115 volts. The input impedance of the amplifier was
200,000 ohms and consequently it was desirable to test whether cali-
bration’factors in terms of the sesrch coil current were needed for the
indicator readings. This was done by placing the search coil at various
points of high and low field strength and taking meter readings with
only the normal 200,000-ohm impedance in the amplifier input circuit.
A set of ratios of the equivalent induced velocities was computed from
these readings. !!Theinput impedance was then changed to approximately
5 megohms by means of a noninductive series resistor and the procedure
repeated. A comparison of the two sets of computed ratios showed no
measurable differences. It was concluded that meter scale calibration
was unnecessary. Figure 4 shows the amplifier-indicatorunit which was
located in a hallway removed from the field coil.

Power supply.- The power supply used for the wake model under dis-
cussion consisted of a 400-cycle aircraft inverter driven by a rectifier,
the output voltage of which was stabilized by storage batteries. The
inverter was comected to the primary magnet coil through a variable
series resistor and through series capacitance. It was found that the
frequency stability of the system was improved by adjusting the capac-
itance so that the resonant frequency of the wake-model coil circuit
was slightly above the 400-cycle operating frequency. As monitoring
devices the circuit included an anmeter sad an electrically driven reed
frequency meter which had been reworked so that the frequencies indicated
by successive reeds differed by only 1 cps. Rough frequency control was
obtained by means of inverter taps, and final frequency adjustment to the
desired 400 cps was made by varying the load on the inverter through the
series resistor. In order to use this frequency control system it was

—
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necessary to unbalance slightly the frequency-load-compensationcircuit
in the inverter. Figure ~ shows the power-supply assetily which was
located in a separate room from those of the wake-model coil and
amplifier.

Field-survey procedure.- In general, the wake-mcdel coil circuit
was allowed to operate for about 30 minutes in order to reach thermal
equilibrium before any attempt was made to take measurements. After
stable conditions were reached, the search coil was placed at a con-
venient normalizing point in the magnetic field for which the induced
velocity ratio was known from the digital computer calculations of ref-
erence 4 snd the meter reading recorded. The coil was then moved to
the successive survey positions and these readings recorded. The search-
coil circuit was renormalized at frequent time intervals.

Reduction of data.- The meter readings recorded during the procedure
described in the preceding section were converted into eqpi.valentvelocity
ratios by the formla

where

~
nondimensional norr.wlcomponent of induced velocity

v

P subscript referring to space point at which measurement was
made

N subscript referring to normalizing point for which ccqputed
veloci~ ratio was known

MR meter reading, db

The sign (direction) associated with the left mniber of equation (4) was
determined from considerations enibracingthe flow-field geometry and the
trends of the eqerimental data being reduced. The results, as described
in the next section, were obtained from faired plots of the experimentally
determined induced velocity ratio Vilv plotted against Ro/R for con-

stant values of Zo~R or, where necessary, against Zo~R at constant .

values of ROIR.

.

.
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RESULTS
,.

Tables l(a) to l(g) ,givethe values of vi/v as experimentally

determined over the azimuth planes ~ = 00, 300, 600, gooj EOo, Ixo,
and 1800. Because of the symmetry of the flow, tables l(b) to 1(f) also
hold for the azimuth planes $ = 330°, 300°, 270°, 240°, and 210°,
respectively. In table l(d) the values of Viiv at points for which

o~Ro/R~2.8 and -2 S ~/R S 2 were t%ken directly from the computed
results obtained in reference 4.

Table 2 lists the computed values

azimuth angles ~ = 00, 300, 600, 900,
radially to six rotor.radii. Although

for V~lv in the rotor plane at

120°, l~”, snd 180° extending
the table contains some duplica-

tion of values previously listed, it was thought convenient in light of
possible future application to collect the.in-plane components together.

Figures 6(a) to 6(d) =e plots of constant values of Vi/v in the

various azimuth planes as interpolated from tables l(a) to l(g). In
particular, figure 6(a) supplements the collection of similar plots
given in reference 3, and figure 6(d) extends the ranges covered by its

—

corresponding plot in reference 4. The dashed lines in each figure
represent the curve of intersection formed by the azimuth plane and the
wake vortex cylinder. Points on these dashed curves are given by the
relation

~=cotx[~cos+(q (,) :

where ~, $, and ~ are the cylindrical coordinates of any point on

the intersection of a particular azinuth plane, ~ = Constant, with the
wake vortex cylinder, and only negative values of ~ are to be

considered.

Figure 7 compares constant-value plots as obtained frcxu the computed
values of “tablel(d) with those obtained from the experimental values in
the lateral plane, the table for which has not been included since the
more accurate computed values were available.

Figures
Experimental
indicated in

8(a) to 8(c) represent plots of the computed data of table 2.
aridog vaiues
these figures

for
for

the in-pl~e velocity-
comparison purposes.

ccmponent ere also

.

.
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In connection with figures 7 and 8, which show comparisons between

computed and experimental analog results, it till be noted that no gross
differences exist except in regions near the wake boundsry wherein neither
the uniforr nmathematicalmodel nor the magnetic analogy with its arbitrary
finite coil spacing could be expected to yield realistic approximations
to the true flow field.

CONCLUDING HIWMRKS

Inherent in the analog method which has been described are sources
of error such as (1) differences in geometry between the model, with
its finite arbitrary coil spacing, and the wake vortex system for a
particular rotor, (2) small variations in primary-coil current and fYe-
quency, (3) search-coil positioning errors and associated meter-reading
errors, (4) inaccuracies in the meter and amplifier calibration, and
(5) sma~ distortion inthe portion of the model magnetic field of
interest arising from the laboratory structure. It is to be expected
that the process of fairing the reduced data will average out some of
the inaccuracies due to the above causes; however, this need not always
be the case. Too, the fairing process itself is subject to varying
degrees of inaccuracy depending upon the individual performing the
operation. In view of these facts it is difficult to give any figure
for tKe probable range of accuracy of the experimental measurements.
However, the comparisons between the calculated and analog results indi-
cate that the experimental values are sufficiently accurate for engi-
neering purposes.

It is anticipated that the computed data presented herein will be
useful in synthesizing the di.stributi.onof normal component of induced
velocity over the plane of any rotor having a specified loading by some
method employing the principle of superposition such as that described
in NACA TN 3690. Also, it is expected that the data should be useful
for estimating the interference-induced velocities of mltirotor heli-
copters and the downwash velocities at wing and tail planes.

Inasmuch as the apparatus and techniques used in the present work
are subject to considerable refinement, it is thought that the
electromagnetic-analog method should be useful for mapping induced
flow fields which are mathematically intractable.

Georgia Institute of Technology,
Atlanta, Ga., February 21, 1957.
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TABLE 2.- NONDIMENSIONAL

NACA TN 42X

VALUES OF NORMAL COMPONENT QF

INDUCED VELOCITY Vi/v IN PIANE OF A LIFTING

ROTOR FOR WEIC!H X = TAN-l10 (~ .29°)

ROP

o
.2

:2
.8
●9
● 94
.98

1.02
1.06
1.1
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6

;::

2:;
4.5

$::
.

0°

1.000
1.181
1.377
1.609
1.936
2.=5
2.4o2
2.774
2.725
2.400
2.262
2.072
1.910
1.810
1.737
1.678
1.626
1.578
1.533
1.492
1.452
1 ● 357
1.270
1.189
1.113
1.041

● 975

30°

1. COO
1.157
1.332
1.550
1.882
2.M7
2.398
2.828
-----
2.942
2.366
1.g64
l.ym
1.076

.240
-.689
- ●977
-.880
-.DO
-.603
-.504
-.342
-.249
-.190
-.250
-*I-22
-.102

VJv for values of ~ of -

60°

1.000
1.091
1.lg8
1.349
1.635
1.978
2.264
2.935

------
1.325

.127
-2.442
-1.143

-.671
-.457
-.337
-.261
-.ao
-.173
-.146
-.124
-.088
-.066
-.052
-.042
-.034
-.029

l.cx)o
1.000
1.000
1.000
1.000
1.000
1.000
1.000

-3.801
-1. gll
-1.352

-.79
-.423
-.278
-.201
-.154
-.122
-.100
-.083
-.o~
-.061
-.044
-.033
-.026
-.ozl
-.018
-.015

wo”

1.CDO
● 99
.802
.651
.365
.023

-.264
- ● 935
-1.483
-.924
-.706
-.451
-.258
-.l~
---
-.100
-.080
-.066
-.W5
-.047
-.040
-.029
-.023
-.018
-.014
-.o12
-.010

150°

1.000
.843
.668
.450
.U8

-.187
%;:

-1.o24
-.670
-.524
-. 3h4
-.201
-.1%
-.102
- ● 079
-.064
-*W3
-.044
-.oy3
- ● 033
-.024
-.018
-. Olh
- .Ou
-.010
-.008

180°

1.000
.819
.623
.391
.064

-.215
-.402
-.774
~:g:

-.478
-.316
-.186
-.I28
-*OS
-.074
-*W9
-.049
-.041
-.035
- ● 030
- ● 022
-.017
-.013
-.o11
-.009
-.008
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